A subgroup H of a group G is called ascendant-by-finite in G if there exists a subgroup K of H such that K is ascendant in G and the index of K in H is finite. It is proved that a locally finite group with every subgroup ascendant-by-finite is locally nilpotent-by-finite. As a consequence, it is shown that the Gruenberg radical has finite index in the whole group.
In this paper we shall study the influence on the structure of the whole group of imposition of some immersion properties, not on every subgroup, but on a subset of its subgroup lattice instead. In particular, we are interested in the situation when, for every subgroup H of a locally finite group G, we may find a subgroup, ascendant in G, and contained with finite index in H. This kind of restrictions on the lattice of subgroups were studied earlier. In [2] the structure of locally finite groups where every subgroup is normal-by-finite was given. If H is a subgroup of a group G, we call H normal-by-finite in G if its core in G, H G , has finite index in H. In [2] it was proved that if a locally finite group G has every subgroup normal-by-finite, then it is necessarily abelian-by-finite. * E-mail: scamp@mat.upv.es
Clearly, normal subgroups are permutable. Recently in [4, 5] the authors studied the case when the condition normal-by-finite subgroup is replaced with permutable-by-finite subgroup. A group that has every subgroup permutable is called an Iwasawa group. In [5] it has been proved that a locally finite group with every subgroup permutable-by-finite contains an Iwasawa subgroup of finite index. It is a well-known theorem of Stonehewer [12] that every permutable subgroup of a group G is ascendant in G. Therefore, it is natural to seek for similar results when we replace permutable-by-finite with ascendant-by-finite.
We will study locally finite groups G satisfying the following condition: If H ≤ G, then there exists a subgroup K of H such that the index |H : K | is finite, and K is ascendant in G. In this case, we will say H is an ascendant-by-finite subgroup of G. The main result of the paper is the following.
Theorem A.

If G is a locally finite group with every subgroup ascendant-by-finite, then G is locally nilpotent-by-finite.
When H is an ascendant-by-finite subgroup of G, we will denote by H * a random subgroup of H which is ascendant in G and such that the index |H : H * | is finite. The notation is standard and can be found in [6] .
Recall that for a given set of primes π, a subgroup of a group G is called a Sylow π-subgroup of G if it is maximal among the π-subgroups of G. Moreover, the maximal normal π-subgroup of G, denoted by O π (G), is equal to the intersection of all the Sylow π-subgroups of G.
First let us prove some preliminary results.
Proposition 1.
Let G be a locally finite group and a prime. If P/O (G) is finite for some P ∈ Syl (G), then the Sylow -subgroups of G/H(G) are finite, where H(G) is the Hirsch-Plotkin radical of G.
Proof. Clearly the Sylow -subgroups of G/O (G) are conjugate. By [6, 2.3 .18], the Sylow -subgroups of G/H(G)
, so they are finite. The result follows.
Lemma 2.
Let G be a locally finite group with every subgroup ascendant-by-finite. Then P/O π (G) is finite for every set of primes π, whenever P ∈ Syl π (G).
Proof. Let
which is finite, so P/O π (G) is finite as well.
As a consequence, we have that any locally finite group G with every subgroup ascendant-by-finite, has G/H(G) with finite Sylow -subgroups for all primes , where H(G) is the Hirsch-Plotkin radical of G.
Application of the Hall-Kulatilaka theorem to the factor group G/H ∞ (G), where H ∞ (G) is the upper term of the HirschPlotkin series, gives us that a group G with every subgroup ascendant-by-finite is radical-by-finite. Since we want to prove that G is locally nilpotent-by-finite, we may suppose G is radical without loss of generality. In particular, G is locally soluble. Now we prove the main result of this paper.
Proof of Theorem A. . We divide the proof into several steps. 
18], that HH(G)/H(G) is a Sylow -subgroup
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of N/H(G). This is to say, HH(G) = N. Now, H * is an ascendant -subgroup of N. In particular, H * ≤ O (G), so H(G)H * ≤ H(G)O (G). But
|N : H(G)H * | = |H(G)H : H(G)H * | = |H : H ∩ H(G)H * | ≤ |H
Since M form a descending chain of subgroups, M = ≥ M for all ≥ 1. However, P is a Sylow -subgroup of M for all ≥ , so P is also a Sylow -subgroup of M for all ≥ 1. In particular, M has finite Sylow -subgroups for all primes . Moreover, we know that G/H(G) has finite Sylow -subgroups for all primes . For the prime we know that P is a Sylow -subgroup of M . Therefore, P
H(G)/H(G) is a Sylow -subgroup of M H(G)/H(G), by [6, 2.3.18]. Hence P H(G)/H(G) is a Sylow -subgroup of G/H(G) for all . It follows that MH(G)/H(G) is a basic subgroup of G/H(G).
As in the note preceding this proof, we are assuming G is radical. Then we deduce G = MH(G) using the results of Baer [6, 5.4.5 and 5.4.8] . G has finite Sylow -subgroups. Our goal is to prove that G is locally nilpotent-by-finite. If M were locally nilpotentby-finite, then |M : H(M)| being finite implies |M : H(M) * | is finite too. In this case, |G : * is an ascendant locally nilpotent subgroup of G. Then, without loss of generality, we may suppose G has finite Sylow -subgroups for all primes .
Final step. We know G is radical with min-for each prime . If G/H(G) is infinite, then, by the Hall-Kulatilaka theorem, so is H 2 (G)/H(G), the Hirsch-Plotkin radical of G/H(G). Let P be a locally nilpotent projector of H 2 (G). Then, by definition, H 2 (G) = PH(G). However, P * is an ascendant locally nilpotent subgroup of G, so P * ≤ H(G) and now we have
which is finite, a contradiction. It follows H 2 (G)/H(G) is finite, reaching the conclusion: G/H(G) is finite.
Recall (see, for instance, [10] ) that a group G is said to be a Gruenberg group if it is generated by its ascendant abelian subgroups. Gruenberg groups are locally nilpotent, but the converse does not hold in general. However, if G is a countable locally nilpotent group, then G is a Gruenberg group. Gruenberg groups form a class of groups closed with respect to product of normal subgroups, and every ascendant Gruenberg subgroup is contained in the Gruenberg radical.
Corollary 3.
Let G be a locally finite group with every subgroup ascendant-by-finite. Then the Gruenberg radical has finite index in G.
Proof. As a consequence of Theorem A, G is locally nilpotent-by-finite. Now, assuming that the Gruenberg radical N(G) has infinite index in G, we may find a countable non-finite subset of a transversal of N(G) in H(G 
